Abstract. It is shown how to estimate the norms of the derivatives (of all orders) of the map that takes an invertible operator to the positive part in its polar decomposition. Using this, perturbation bounds of any order can be obtained for this map.
Perturbation Bounds for the Operator Absolute Value. Let A be a bounded linear operator on a Hilbert space H . Let jAj = (A A) 1=2 be the positive part or the absolute value of A .
In this note we show how to derive inequalities of the type (1) jj jAj ? jBj jj N X n=1 a n jjA ? Bjj n + O(jjA ? Bjj N+1 ); where A is an invertible operator, B an operator close to it, N is any positive integer and a n are coe cients which can be explicitly determined. For N = 2 this was done in 1] and the approach used in that paper is developed further here. where, runs over all cyclic permutations on n symbols. This gives (5) jjD n h(A)jj = n! jjA ?1 jj n+1 :
Next, use the fact that if f is operator monotone then it can be expressed as Our next task is to combine the information provided by the above two propositions. For this we rst need expressions for the n{th Frech et derivative of a composite map ' = f g . We will write these down in a general set up. Let X; Y; Z be Banach spaces and let g be a smooth map from X to Y and f a smooth map from Y to Z . Let ' = f g . If X = Y = Z = R we have the following formulae for the derivatives ' (n) . ' (1) (x) = f (1) (g(x)) g (1) (x); ' (2) (x) = f (2) (g(x)) g (1) (x)] 2 + f (1) (g(x)) g (2) (x); ' (3) (x) = f (3) (g(x)) g (1) (
(g(x)) g (1) (x) g (2) (x) + f (1) (g(x)) g (3) (x);
(x) + 3 f (2) (g(x)) g (2) (x)] 2 + 4 f (2) (g(x)) g (1) (x) g (3) (x) + f (1) (g(x)) g
(x); etc.
When X; Y; Z are general Banach spaces analogoues of these formulae are more complicated. Recall that D (n) g(x) is a symmetric n{linear map from X : : : X to Y , etc. To write our expressions for D n ' compactly let us adopt the following convention.
A summation P will indicate summation over permutations on n symbols.
Since the higher Frech et derivatives are symmetric in their variables several summands in the sum P will be identically equal. If we retaim only one representative from each of these identically equal terms and sum them up, the resulting sum will be written as P . Thus, for example, we have, for the rst two derivatives of
With our notation we could also write
Since the second derivative is a symmetric bilinear map, from each of the sum P only one of the two summands is retained when we go to P . Of course, in this case there is no advantage in going to this notation. However, for higher derivatives it is helpful to use this notation and write 
